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In this work, the shakedown of structures made of materials with temperature-dependent yield stress is considered.
Under some restrictions on the thermal loading condition the yield stress is linearized and shakedown theorems are estab-
lished. Based on these linearized shakedown theorems, the shakedown limit is formulated as a problem of convex optimi-
zation. An algorithm is built to compute shakedown limits. Numerical tests show good agreement with analytic solutions
and experimental data.
 2006 Elsevier Ltd. All rights reserved.
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Thermal loading and changes of material properties according to temperature are often found in the design
of pressure vessels or of nuclear and conventional power plants. While in the former case the thermal loading
is generally quite small in comparison with pressure, it is sometimes of great importance in the latter.
If the material properties are considered as temperature-independent, and if the change of temperature ﬁeld
varies in a proportional way, the thermal loading can be simply viewed as other mechanical loads and classical
theorems of shakedown can be applied. On the contrary, if the material properties are temperature dependent,
the problem becomes very complicated.
It is not easy to solve analytically the thermal-related shakedown problem, thus few exact solutions exist,
see for example Bree (1967), Burgreen (1968), Gokhfeld and Cherniavsky (1980), Ponter (1983) and Pham
(1995). Only very few experimental results with cyclic thermal loading have been reported in Ponter (1983),
Leers (1985) and Lang et al. (2001). Numerical methods therefore have received much attention: Leckie
and Penny (1967, 1969), Sagar and Payne (1975), Goodman (1978), Karadeniz and Ponter (1984), Ponter
and Karadeniz (1985a,b). If the yield stress is a linear or a concave function of temperature, linear or convex0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.038
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tions can be obtained or global nonlinear programming tools must be used. For more details, see Gross-Weege
and Weichert (1992), Xue et al. (1997), Borino (2000), Vrankovic et al. (2000), Yan and Nguyen (2001). In the
following sections, we will introduce some restrictions on the thermal loading and, by using a linearized yield
stress function, we will present new linearized versions of shakedown theorems. These linearized theorems will
be particularly useful since formulations of shakedown load based on these theorems are convex. It should be
noted that the idea to use a convenient linearization of the yield function in shakedown analysis has been
extensively applied to shakedown problems in diﬀerent contexts before. For instance, the linearization of
the yield function and of the nonlinear hardening has been proposed in the milestone work of Maier (1970).2. Existing shakedown theorems
When a structure of volume V is subjected to cyclic thermal loading, material constants such as the yield
stress, Young’s modulus, the coeﬃcients of thermal expansion, etc. vary with temperature. Among these phe-
nomena, the decrease of the yield stress is a crucial factor in structural behavior and structural safety.
If strains are not too large and we neglect viscous strains and the change of stress–strain relation from one
cycle to another, the total strain tensor eij is the sum of the elastic strain eEij, the plastic strain e
P
ij and the thermal
strain ehij:eij ¼ eEij þ ePij þ ehij: ð1Þ
By taking the decrease of the yield stress into account, the yield function f of a perfectly plastic material de-
pends on stress and temperature h:f ¼ F ðrijÞ  kvðhÞ; ð2Þ
where the yield stress function kv(h) is related to the yield stress r0 by: kvðhÞ ¼ r0ðhÞ=
ﬃﬃﬃ
3
p
if von Mises material
is considered.
If we assume that the variation of temperature is slow so that the dissipation does not depend on the tem-
perature rate _h and if we assume that the process is adiabatic then the dissipated energy rate Dp:Dp ¼ rij _ePij ¼ Dpð_ePij; hÞ ð3Þ
may be decomposed as:Dp ¼ Dp0ð_ePijÞgðhÞ; ð4Þ
where g(h) deﬁnes the temperature dependence of kv:kvðhÞ ¼ k0gðhÞ; k0 ¼ kvðh0Þ; gðh0Þ ¼ 1 ð5Þ
and Dp0 is the dissipated energy rate at h = h0.
Because thermal eﬀects are considered, it is natural to deﬁne the load domain so that it includes the load
caused by the temperature ﬁeld. First, we deﬁne a load domain D, which is composed of n time-dependent
mechanical loads P 0
k^
ðtÞ, each of them can vary independently within a given range:P 0
k^
ðtÞ 2 I0
k^
¼ ½Pk^ ; Pþk^  ¼ ½lk^ ; lþk^ P 0k^ ; k^ ¼ 1; . . . ; n: ð6ÞThese loads form a convex polyhedral domain of n dimensions with m = 2n vertices P^ kðk ¼ 1; . . . ; 2nÞ in load
space. This load domain can be represented in the following linear form:P ðtÞ ¼
Xn
k^¼1
lk^ðtÞP 0k^ ; ð7Þwherelk^ 6 lk^ðtÞ 6 lþk^ ; k^ ¼ 1; . . . ; n: ð8Þ
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ﬁctitious perfectly elastic structure, which has the same geometry and elastic properties as the actual one. The
ﬁctitious elastic response rEijðtÞ is deﬁned as it would appear in the ﬁctitious structure without plastic yielding if
this structure were subjected to the same loads as the actual one. This ﬁctitious elastic response may be written
in a form similar to Eq. (7):rEijðtÞ ¼
Xn
k^¼1
lk^ðtÞrEk^ij ; ð9Þwhere rEk^ij denotes the stress ﬁeld in the (ﬁctitious) reference structure when it is subjected to the unit
load mode P 0
k^
.
Let us restrict ourselves to a load domain deﬁned by n time-dependent mechanical loads P 0
k^
ðtÞ and one vary-
ing temperature ﬁeld hðx; tÞ 2 ½hðxÞmin; hðxÞmax as follows:
P 0
k^
ðtÞ 2 I0
k^
¼ ½P
k^
; Pþ
k^
 ¼ ½l
k^
; lþ
k^
P 0
k^
; k^ ¼ 1; . . . ; n;
Dhðx; tÞ ¼ lðtÞnþ1h0ðxÞ 2 ½lnþ1; lþnþ1h0ðxÞ;
lnþ1 6 lðtÞnþ1 6 lþnþ1;
8><
>: ð10Þwhere Dh(x, t) is the temperature change: Dh(x, t)  h(x, t)  h(x, 0).
The loads (10) form a convex polyhedron domain D of (n + 1) dimensions with vertices Q^k, k = 1, . . ., 2
n+1,
in load space. Without loss of generality, we assume that the load domain D has its ﬁrst 2n load vertices with
temperature h(x) = h(x)min and the second 2
n load vertices with h(x) = h (x)max:hðxÞ ¼ hðxÞmin 8Q^k; k ¼ 1; . . . ; 2n;
hðxÞ ¼ hðxÞmax 8Q^k; k ¼ 2n þ 1; . . . ; 2nþ1:
ð11ÞThis load domain D can be constructed from the load domain D deﬁned in (6) by adding the thermal load,
which is caused by the temperature ﬁeld h(x)min/max to load vertices P^ k of D. Symbolically:Q^k  P^ k þ thermal loading by hðxÞmin; k ¼ 1; . . . ; 2n;
Q^k  P^ k2n þ thermal loading by hðxÞmax; k ¼ 2n þ 1; . . . ; 2nþ1:
ð12ÞFor later use, we deﬁne here rEijðQ^ksÞ as the elastic stress ﬁeld computed at load vertex P^ k of D with thermal
loading caused by the temperature ﬁeld h(x)s so that Q^ks  P^ k þ thermal loading by hðxÞs and Dh(x)s = lsh0(x)
where lnþ1 6 ls 6 lþnþ1. We also use the notation rEks to denote the elastic stress vector at a point x in V
corresponding to the stress tensor rEijðQ^ksÞ.
Note that with thermal loading the ﬁctitious elastic response may be written in a form similar to (9):rEijðtÞ ¼
Xnþ1
k^¼1
lk^ðtÞrEk^ij ; ð13Þwhere the unit load mode P 0nþ1 is the thermal loading caused by temperature change h
0(x).
Let us assume that the temperature dependence of the elastic moduli Eijkl can be neglected. Fur-
thermore, assume that the temperature ﬁeld varies slowly enough so that it can be considered as
steady. With these assumptions, the traditional static and kinematic shakedown theorems can be
extended to include thermal eﬀects, see Koiter (1960), Gokhfeld and Cherniavsky (1980), Ko¨nig
(1987). The extended static theorem for materials with temperature-dependent yield stress can be stat-
ed as:
Theorem 1 (Static theorem). A structure shakes down if there exists some time-independent residual stress field q
so that, for any potentially active load/temperature path, the stresses resulting from the superposition of this
residual stress field with the thermo-elastic response rE(t) nowhere violate the temperature-dependent yield
condition:F ðrEðtÞ þ qÞ  kvðhÞ 6 0: ð14Þ
D.K. Vu, M. Staat / International Journal of Solids and Structures 44 (2007) 4524–4540 4527Based on this theorem, Gross-Weege and Weichert (1992) proposed a lower bound version specially formu-
lated for the use of shell elements. They solved the problem by nonlinear programming. Xue et al. (1997)
assumed that yield stress is a linear function of temperature and used the so-called temperature parameter
method to compute the load factor. In their work, the von Mises yield criterion is linearized and temperature
is considered as an optimization parameter. The resulting problem is thus linear.
Being considered the counterpart of the above static theorem, the extended kinematic theorem for materials
with temperature-dependent yield stress states that:
Theorem 2 (Kinematic theorem). Shakedown may happen if, for any potentially active load/temperature path,
the inequality:Z T Z Z T Zc
0 V
½rEðtÞ_eP ðtÞdV dt 6
c
0 V
DP ð_eP ðtÞ; hÞdV dt ð15Þis satisfied with an arbitrary plastic strain rate cycle _eP ðtÞ so that the resulting strain DeP:DeP ¼
Z T c
0
_eP ðtÞdt ð16Þis a kinematically admissible field, where Tc is the time cycle.
It is diﬃcult to employ the kinematic theorem in practical computation due to the presence of the temper-
ature-dependent yield stress kv(h). The corresponding upper bound formulation is not proper since the shake-
down load factor appears on both sides of (15), except for some special cases where kv(h) is a linear function of
temperature, see Ko¨nig (1987).
By considering a material model with internal variables obeying thermo-plastic yield laws, Borino (2000)
introduced a more suitable formulation for shakedown load factor. Yan and Nguyen (2001) used directly
the formulation resulting from (15) and employed a nonlinear programming method to solve the problem.
In their work, the yield stress function is updated at every iteration and the obtained solution becomes an
approximation if the yield stress function is convex with respect to temperature.
As a step to get to more precise solutions, in the next section new theorems will be formulated with the
linearized yield stress function. Note that the static and kinematic theorems presented above are applicable
for all types of load domains. However, the theory presented in the next section is valid only for convex load
domains D.
3. Shakedown theorems with linearized yield stress function
Let us assume that for each point x in V, the yield stress function kv(h) is now replaced by the piece-wise
linearization kdv ðhÞ as plotted in Fig. 1kvðhÞ ) kdv ðhÞ such that : kvðhÞ ¼ kdv ðhÞ 8hðxÞ ¼ hðxÞs: ð17Þmin s max
vk
d
v
k
vk
θ θ θ
θ
Fig. 1. Continuous (dashed line) and linearized (solid line) yield stress function.
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that:DhðxÞs 2 flsh0ðxÞjlnþ1 6 ls 6 lþnþ1; s ¼ 1; . . . ; nhg: ð18Þ
Note that the formulation (18) separates the temperature range into (nh  1) intervals. In practical calculation,
we do not know in advance the maximum temperature variation (or thermal load factor aT in Section 4). In
order to compute these (nh  1) temperature intervals a trial value will be assigned to the maximum temper-
ature variation (or aT) and tested until a suitable value is found. In the following section, for the sake of sim-
plicity, the notation h(x) will be replaced by h.
By using this piece-wise linearized yield stress function kdv ðhÞ, we need to verify the yield condition for only
the discrete set H of temperature ﬁelds and in this case the static theorem can be stated as:
Theorem 3 (Static theorem). For structures made of materials with linearized yield stress function kdv ðhÞ and for
the convex load domain D defined above, shakedown may happen if there exists some time-independent residual
stress field q so that, for all temperature fields hs 2 H, the stress field r ¼ rEks þ q nowhere violates the
temperature-dependent yield condition:F ðrEks þ qÞ  kdv ðhsÞ 6 0 8x 2 V ; s ¼ 1; . . . ; nh; k ¼ 1; . . . ;m; m ¼ 2n: ð19ÞProof. For the necessary part, let us assume that shakedown occurs. This means that under any load path,
after a certain time t > 0, say tshakedown, plastic ﬂow eventually stops and the structure responds elastically
to the thermo-mechanical loads. According to the static Theorem 1, the yield condition:F ðrEks þ qÞ  kvðhÞ 6 0 8x 2 V ð20Þ
is satisﬁed everywhere with the residual stress q and all possible temperature ﬁelds h. This implies that (19) is
satisﬁed or the necessary condition is proved.
For the suﬃcient part, consider two temperature ﬁelds hi and hi+1. Suppose that the following two
inequalities are satisﬁed:F ðrEki þ qÞ  kdv ðhiÞ 6 0 8x in V ;
F ðrEk;iþ1 þ qÞ  kdv ðhiþ1Þ 6 0 8x in V :
ð21ÞThe set of 2n+1 vertices Q^ki and Q^kðiþ1Þ, k = 1, . . .,m, constitutes a subdomain of load Diðiþ1Þ. Evidently, this
subdomain is convex and polyhedral. Due to the convexity of the yield surface F and the linearity of kdv ðhÞ
in the interval [hi,hi+1], the yield condition is veriﬁed for the subdomain Diðiþ1Þ or for all possible temperature
ﬁelds h belonging to [hi,hi+1]:F ðrEks þ qÞ  kdv ðhÞ 6 0 8x in V ; hi 6 h 6 hiþ1: ð22Þ
Therefore, if the yield condition (19) is satisﬁed for all temperature ﬁelds hs 2 H, it is satisﬁed for all possible
temperature ﬁelds hmin 6 h 6 hmax or in other words (20) is satisﬁed. According to the static Theorem 1, shake-
down occurs. This ﬁnishes the proof. h
Note that the formulation (19) will give us a load domain with nh2
n load vertices. Besides, it is worthy to
emphasize that this static theorem is not applicable for all types of temperature changes but for those deﬁned
in (10) (mechanical loads form a convex load domain and temperature changes vary in a proportional way).
Further studies are required to establish a more general theorem.
By considering the same load domain D and the same piece-wise linear yield stress function kdv ðhÞ, the above
static theorem permits us to derive its kinematic counterpart as follows:
Theorem 4 (Kinematic theorem). For structures made of materials with linearized yield stress function kdv ðhÞ and
for the load domain D defined above, shakedown may happen if the inequality:W ð_ePksÞ ¼
Xnh
s¼1
Xm
k¼1
Z
V
DP ð_ePks; hsÞdV 
Xnh
s¼1
Xm
k¼1
Z
V
ðrEksÞT _ePksdV P 0 ð23Þ
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P
ks:DePks ¼
Xnh
s¼1
Xm
k¼1
_ePks; m ¼ 2n ð24Þis a kinematically admissible strain field.
Proof. The theorem is proved in a similar way to Borino (2000). For the necessary part, let us assume that
shakedown happens. According to the static theorem there exists a time-independent residual stress ﬁeld, q, so
that (19) is satisﬁed. By applying the maximum plastic dissipation theorem we have:Dpð_ePks; hsÞ ¼definition maxfrT _ePksg ¼ ðrP ÞT _ePks P ðrEks þ qÞT _ePks; ð25Þ
where _ePks is the strain rate corresponding to load vertex Q^ks. By summing up those inequalities for
k = 1, . . .,m, s = 1, . . .,nh, integrating over the volume V, and noting that the residual stress ﬁeld is not zero
but its multiplication by kinematical deformation rate is zero:
Pnh
s¼1
Pm
k¼1
R
V
qT _ePksdV ¼R
V
qT
Pnh
s¼1
Pm
k¼1 _e
P
ksdV ¼
R
V
qT  DePksdV ¼ 0, one gets:Xnh
s¼1
Xm
k¼1
Z
V
Dpð_ePks; hsÞdV P
Xnh
s¼1
Xm
k¼1
Z
V
frEks þ qgT _ePks dV ¼
Xnh
s¼1
Xm
k¼1
Z
V
ðrEksÞT  _ePks dV : ð26ÞThe necessary condition is thus proved. Now turn to the suﬃcient condition. Let us assume that (23) is sat-
isﬁed for any plastic strain rate cycle (24). We consider the following minimization problem:minW ð_ePksÞ
s:t:
Pnh
s¼1
Pm
k¼1
_ePks ¼ oeu in V ;
u ¼ 0 on oV u;
8<
: ð27Þwhere u is the displacement ﬁeld, andoe ¼
o
ox 0 0
o
oy 0
o
oz
0 ooy 0
o
ox
o
oz 0
0 0 ooz 0
o
oy
o
ox
2
664
3
775
T
: ð28ÞBecause W = 0 when _ePks ¼ 0 8k; s and positive otherwise there exists at least one solution for (27). This solu-
tion must satisfy the related Euler–Lagrange equations. Using the Lagrange multipliers q and qoV u , the aug-
mented functional of (27) can be written as (see for example Bathe (1996)):W L ¼ W ð_ePksÞ 
Z
V
qT
Xnh
s¼1
Xm
k¼1
_ePks  oeu
 !
dV 
Z
oV u
ðqoV uÞTudS: ð29ÞLet rEksij ; _e
Pks
ij ; qij denote, respectively, the components of the stress, strain and Lagrange multiplier tensors cor-
responding to the vectors rEks; _e
P
ks; q. Let q
oV u
i ; ui denote the components of the vectors q
oV u ; u. We can write the
functional (29) in the index form:W L ¼
Xnh
s¼1
Xm
k¼1
Z
V
Dpð_ePksij ; hsÞdV 
Xnh
s¼1
Xm
k¼1
Z
V
rEksij e
Pks
ij dV

Z
V
qij
Xnh
s¼1
Xm
k¼1
_ePksij 
1
2
oui
oxj
þ ouj
oxi
 ( )
dV 
Z
oV u
qoV ui ui dS:
ð30ÞThe stationarity condition of WL leads to:
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Xnh
s¼1
Xm
k¼1
Z
V
oDP ð_ePksij ; hsÞ
o_ePksij
d_ePksij dV 
Xnh
s¼1
Xm
k¼1
Z
V
rEksij d_e
Pks
ij dV

Z
V
dqij
Xnh
s¼1
Xm
k¼1
_ePksij 
1
2
oui
oxj
þ ouj
oxi
 ( )
dV 
Z
V
qij
Xnh
s¼1
Xm
k¼1
d_ePksij 
1
2
odui
oxj
þ oduj
oxi
 ( )
dV

Z
oV u
dqoV ui ui dS 
Z
oV u
qoV ui dui dS ¼ 0:
ð31Þ
With the aid of the identity:Z
V
1
2
qij
odui
oxj
þ oduj
oxi
 
dV þ
Z
V
dui
oqij
oxj
dV ¼
Z
oV
njqijdui dS ð32Þthe ﬁrst variation of WL can be written as:dW L ¼
Xnh
s¼1
Xm
k¼1
Z
V
oDpð_ePksij ; hsÞ
o_ePksij
 rEksij  qij
( )
d_ePksij dV 
Z
V
dui
oqij
oxj
dV
þ
Z
oV r
njqijdui dS þ
Z
oV u
ðnjqij  qoV ui Þdui dS

Z
V
dqij
Xnh
s¼1
Xm
k¼1
_ePksij 
1
2
oui
oxj
þ ouj
oxi
 ( )
dV 
Z
oV u
dqoV ui ui dS:
ð33ÞThe substitution of (33) into the stationarity condition (31) leads to:rEksij þ qij ¼
oDpð_ePksij ;hsÞ
o_ePksij
;
oqij
oxj
¼ 0 in V ;
njqij ¼ 0 on oV r;
njqij ¼ qoV ui on oV u:
8>>><
>>>:
ð34ÞSystem (34) states that q is a time-independent residual stress ﬁeld so that the stress ﬁeld r ¼ rEks þ q, being
derived from the dissipation function Dp, is plastically admissible. In other words the stress ﬁeld r satisﬁes
the condition (19) and the structure shakes down according to the static Theorem 3.
Based on Theorems 3 and 4, we now may look for a suitable formulation of shakedown load factor. For
this purpose, let us deﬁne some notations:
• a, a, a+ denote, respectively, the factor of the shakedown load, its lower bound and upper bound for a
structure made of material with temperature-dependent yield stress of the type kv = kv(h).
• ad ; ad ; a
þ
d denote, respectively, the factor of the shakedown load, its lower bound and upper bound for a
structure made of material with temperature-dependent yield stress of the type kv ¼ kdv ðhÞ.
By using these notations, the lower and upper bound formulations of shakedown load, corresponding to
the linearized static and kinematic theorems above, can be written in the following forms:
Lower bound formulation:ad ¼ max a;
s:t:
ojqij ¼ 0 in V ; ðaÞ
njqij ¼ 0 on oV r; ðbÞ
F ðrEksij ðaÞ þ qijÞ  kdv ðhsÞ 6 0 8k; s: ðcÞ
8><
>: ð35ÞUpper bound formulation:
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Xnh
s¼1
Xm
k¼1
Z
V
Dpdð_ePksij ; hsÞdV
 !
;
s:t:
Pnh
s¼1
Pm
k¼1
_ePksij ¼ Deij; ðaÞ
Deij ¼ 12 ouioxj þ
ouj
oxi
 
; ðbÞ
Deii ¼ 0; ðcÞ
ui ¼ 0 on oV u; ðdÞPnh
s¼1
Pm
k¼1
R
V r
Eks
ij _e
Pks
ij dV ¼ 1; ðeÞ
8>>>>>><
>>>>>>:
ð36Þwhere the dissipation function is denoted with the subscript d due to the fact that it depends on the chosen
yield stress function kdv . h
The proof of the following theorem is straightforward:
Theorem 5. For structures made of materials with a temperature-dependent yield stress function kv(h) subjected to
loads varying within the load domain D defined above, we have aþd ! aþ and ad ! a when nh!1 such that
kdv ðhÞ ! kvðhÞ.From this theorem we note that if a simple linearized yield stress–temperature curve is used (nh = 2), The-
orems 1 and 2 may be used directly, but only raw approximations of the shakedown load factor can be
computed.
4. Formulation and algorithm
Note that the kinematic formulation (36) is not yet proper as one should desire since the load factor is still
required to compute the plastic dissipation. However, it is the case if we set the temperature at a constant level
by the thermal load factor aT and look for the shakedown load factor a = aP. In this case the discretized ver-
sions of (35) and (36) can be written as:a ¼ maxa
s:t:
PNG
i¼1
B^Ti qi ¼ B^T q ¼ 0;
f ðatip þ aT thip þ qi; kipÞ 6 0; 8i; p : p ¼ 1; . . . ; m; i ¼ 1; . . . ;NG
8><
>:
ð37Þandaþ ¼ min
XNG
i¼1
Xm
p¼1
ﬃﬃﬃ
2
p
kip
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eTipeip
q
 aT
XNG
i¼1
Xm
p¼1
eTipt
h
ip
 !
;
s:t:
Pm
p¼1
eip ¼ B^iq; 8i ¼ 1; . . . ;NG
Dveip ¼ 0; 8i ¼ 1; . . . ;NG; p ¼ 1; . . . ; mPNG
i¼1
Pm
p¼1
eTiptip ¼ 1;
8>>><
>>>:
ð38Þwhere tip, t
h
ip and eip are normalized elastic stress and normalized plastic strain vectors: tip ¼ D1=2v rEip,
thip ¼ D1=2v rEhip , eip ¼ wiD1=2v _eip, D1=2v ¼ ðD1=2v Þ1, Dv ¼ D1=2v D1=2v , rEip is the elastic stress caused by mechanical
loads, rEhip is the elastic stress caused by thermal loads, kip is the yield stress function at load corner p and Gauss
point i, B^i ¼ wiD1=2Bi, Bi is the displacement matrix, wi is the Gauss weight, q is the displacement vector,
m ¼ nh2n, NG is the total number of Gauss points. In a three-dimensional model D and Dv have the size
4532 D.K. Vu, M. Staat / International Journal of Solids and Structures 44 (2007) 4524–45406 · 6 so that: Dii = 1 if i 6 3, Dii = 1/2 if i > 3, Dij = 0"i5 j, Dvij = 1 if i & j 6 3 and Dvij = 0 otherwise. Note
that von Mises yield criterion is used in the above formulations.
Having the upper and lower bounds formulated as above, it is easy to point out that there exists a dual
relation between them or precisely between their discretized versions, see Vu (2002) and Vu et al. (2004):
Theorem 6. If there exists a finite solution a+ for the kinematic shakedown load (38) and if the incompressibility
condition of plastic flow (the second constraint in (38)) is automatically satisfied, then the static formulation (37) is
the dual form of (38) so that:min
hðeip ;qÞ¼0
XNG
i¼1
Xm
p¼1
ﬃﬃﬃ
2
p
kip
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eTipeip
q
 aT
XNG
i¼1
Xm
p¼1
eTipt
h
ip
 !
¼ max a
B^T q ¼ 0
f ðatip þ aT thip þ qi; kipÞ 6 08i; p
( ð39Þwhere h(eip, q) = 0 is the constraint system in (38).
In some cases, the shakedown load factor a obtained by solving (37) or (38) is not the one we may desire
because generally a5aT. In order to compute the load factor a = aP = aT we assume that the varying range of
the temperature ﬁeld has the form:href  aTD1 6 h 6 href þ aTD2; ð40Þ
where href is the reference temperature ﬁeld, D1 and D2 are temperature changes. Furthermore we assume that
the shakedown load factor is positive a > 0. The problem of ﬁnding a = aP = aT can be formulated as:Find aT ¼ a > 0 so that :
a ¼ minðF Þ
s:t:
hðeip; qÞ ¼ 0; 8i; p
F ¼PNG
i¼1
Pm
p¼1
ﬃﬃﬃ
2
p
kip
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eTipeip
q
 aT
PNG
i¼1
Pm
p¼1
eTipt
h
ip
8><
>:
or so that :
a ¼ maxa
s:t:
B^T q ¼ 0
f ðatip þ aT thip þ qi; kipÞ 6 08i; p
(
ð41ÞThe advantage of the formulation (41) is that it permits the use of convex programming tools regardless of the
form of the temperature-dependent yield stress function. This is shown in the following algorithm, which is
proposed to solve (41):
Algorithm
1. Initialize aTP 0. Set k = 1, n = 0. Set criterion tol to stop computation.
2. Find ak so that:ak ¼ min F
hðeip ;qÞ¼0
or :
ak ¼ maxa
B^T q ¼ 0
f ðatip þ aT thip þ qi; kipÞ 6 08i; p
( ð42ÞIf k = 1 and if ak 6 0 or there exists no solution: reduce aT and repeat step 2 until a positive ak is found.
3. If n = 1 and there exists no solution or ak < aT then set aT = a
k-1 and stop. Otherwise set n = 0.
4. If jak  aT j 6 tol: set n = 1, increase aT. Go to step 6.
5. If ak < aT, decrease aT. If a
k > aT, increase aT.
6. Set k = k + 1 and go to step 2.
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solution of (42) may be negative or there may exist no solution for (42). In the above algorithm, the parameter
n is used as a control parameter: n = 1 means that we have found ak  aT, which guaranties the safety of the
structure, but we want to know if a load factor greater than ak can also guaranty the safety of the structure.
This explains why we do not stop at step 4.
Convergence
Let a denote the shakedown load factor and let D(aP,aT) denote the load domain deﬁned by (aP,aT), that
means mechanical loads are multiplied by aP and thermal loads are multiplied by aT. If there exists a solution
a > 0 for (41) then the structure shakes down within D(a,a). Assuming that such a solution exists, we prove
here that the above algorithm leads to the solution of (41).
Because the structure shakes down within D(a,a), there must exist at least some aTP 0 so that (42) has a
solution. With respect to deﬁnition of the load domain (40), we have two remarks:
1. Suppose that at iteration k we have aTP a. Then the solution a
k of (42) must not be greater than the aT:
ak 6 aT. This is due to the fact that if ak > aT then the load domain D(a,a) will be a subdomain of D(ak,aT).
It means that the structure shakes down with a load factor greater than a, which is in contradiction to our
assumption. So if ak 6 aT we must decrease aT.
2. In the opposite case, suppose that at iteration k we have aT 6 a. Then the solution ak of (42) must not be
less than aT: a
kP aT. This is due to the fact that if aT 6 a the structure shakes down within the load domain
D(a,aT) because this load domain is a subdomain of D(a,a). It means that a
kP aT. So if a
kP aT, we must
increase aT.
These two remarks conclude our proof.
Note that when there is only thermal loading, the above algorithm needs to be changed if the kinematic
formulation is used. Here all we have to do is to verify that the condition (23) is satisﬁed. Because we have
only thermal loading, the FEM discretized version of this condition is:aT
XNG
i¼1
Xm
p¼1
eTipt
h
ip 6
XNG
i¼1
Xm
p¼1
ﬃﬃﬃ
2
p
kip
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eTipeip
q
ð43Þand the kinematic formulation is now:aþ ¼ maxðaT Þ;
s:t:
minðPNG
i¼1
Pm
p¼1
ﬃﬃﬃ
2
p
kip
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eTipeip
q
 aT
PNG
i¼1
Pm
p¼1
eTipt
h
ipÞP 0;
Pm
p¼1
eip ¼ B^iq 8i ¼ 1; . . . ;NG;
Dveip ¼ 0 8i ¼ 1; . . . ;NG; p ¼ 1; . . . ; m:
8>>><
>>>:
ð44ÞThis problem can be solved in two steps:
1. For a given aT, ﬁnd a
k:ak ¼ min
XNG
i¼1
Xm
p¼1
ﬃﬃﬃ
2
p
kip
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eTipeip
q
 aT
XNG
i¼1
Xm
p¼1
eTipt
h
ip
 !
;
s:t:
Pm
p¼1
eip ¼ B^iq 8i ¼ 1; . . . ;NG
Dveip ¼ 0; 8i ¼ 1; . . . ;NG; p ¼ 1; . . . ; m;
8<
:
ð45Þ2. If ak < 0 then reduce aT, otherwise increase aT until a
k = 0 is found.
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Using displacement-based elements, the algorithm above has been implemented into the FEM package
Code-Aster (2000) with the kinematic formulation (38). The program is used here for numerical calculation.
In this section three shakedown problems are considered. Two types of yield stress are examined: (a) yield
stress as a linear function of temperature and (b) yield stress as a nonlinear function of temperature. Let us call
the former the linear case, and the latter the nonlinear case. Numerical solutions are obtained using von Mises
yield criterion.
The ﬁrst two problems presented hereafter are chosen because their analytic solutions can be found in the
linear case and very interestingly, as shown later, these analytic solutions can be used to compute the analytic
solutions in the nonlinear case. In the last example the numeric results are compared with experimental tests.
5.1. Shakedown limit of a straight bar subjected to variable temperature
As the ﬁrst example, we consider a simple shakedown problem of a straight bar of circular cross-section,
clamped at both ends at temperature h = h0. The bar is heated and cooled cyclically within the limits
h0 6 h 6 hs. We assume that the bar is suﬃciently thick so that buckling cannot happen. This simple example
is useful in explaining how the analytical solutions of the linear case can be used to ﬁnd the analytic solutions
of the nonlinear case.
5.1.1. Analytic solution for yield stress as linear function of temperature
If the temperature dependence of yield stress is linear (linear yield stress):rlinear0 ¼ rR½1 Aðh h0Þ ð46Þ
then the shakedown limit of the bar can be written as, Ko¨nig (1987):Dhlinears ¼ hlinears  h0 ¼
2rR
Ecþ ArR : ð47Þwhere E is the elastic modulus and c is the thermal dilatation coeﬃcient.
5.1.2. Analytic solution for yield stress as a nonlinear function of temperature
Let us consider the nonlinear case where the yield stress r0 is a nonlinear function of temperature (nonlinear
yield stress):rnonlinear0 ¼ rR½1 Aðh h0Þ  Bðh h0Þ2 ð48Þ
and let us suppose that A and B have positive values. In order to ﬁnd the analytic solution, we consider the
yield stress:rs0 ¼ rR½1 Asðh h0Þ; ð49Þo
s
o
nonlinear
o
o
nonlinear
s
θ θ θ
σ
σ
σ
Fig. 2. Linear and nonlinear dependency of yield stress on temperature.
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nonlinear
0 have the same value at h
nonlinear
s ¼ h0 þ Dhnonlinears
(Fig. 2).
Note that for positive values of A and B the function (48) is a concave function of temperature, therefore
the left-hand side of (14) is a convex function of temperature. According to the static Theorem 1, if a structure
made of a material with yield stress of the type rs0 shakedowns within the range Dh
nonlinear
s ¼ hnonlinears  h0, then
this range is also the shakedown range of this structure if it is made of material with yield stress of the type
rnonlinear0 . This remark shows that if the coeﬃcient As is known in advance then the analytic solution for our
problem can be computed by (47):Table
Shaked
Yield s
Consta
Linear
NonlinDhnonlinears ¼ hnonlinears  h0 ¼
2rR
Ecþ AsrR ð50Þand our analytic solution is the solution of the following system:rR½1 Aðhnonlinears  h0Þ  Bðhnonlinears  h0Þ2 ¼ rR½1 Asðhnonlinears  h0Þ;
hnonlinears  h0 ¼ 2rREcþAsrR
(
ð51Þwhich gives us:Dhnonlinears ¼ ðhnonlinears  h0Þ ¼
ðEcþ ArRÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðEcþ ArRÞ2 þ 8Br2R
q
2BrR
: ð52Þ5.1.3. Numerical solution and comparison
In Code_Aster the bar is modeled by axisymmetric elements with one layer of elements in the axial direction
and three elements in the radial direction.
If the material properties are: E = 7.1 · 104 N mm2 (elastic modulus), m = 0.34 (Possion’s ratio),
c = 0.234 · 105 C1 (thermal dilatation coeﬃcient), rR = 190 N mm2 (yield stress at temperature h0),
A = 0 C1 (independent yield stress), then according to (47) we have the analytic solution:
Dhanalytics ¼ 228:72C. In this case the numerical result computed by our algorithm implemented in Code_Aster
gives exactly the same limit Dhnumericals ¼ 228:72 C. When yield stress r0 is a linear function of temperature
changes A = 8.3 · 104 C1, then (47) gives Dhanalytics ¼ 208:89C which is practically the same as the solution
obtained by Code_Aster Dhnumericals ¼ 208:81C.
If the yield stress r0 is a nonlinear function of temperature and if A = 8.3 · 104 C1,
B = 7.41 · 106 C2, by using the formula (52) we have Dhnonlinears ¼ 182:98 C. This solution agrees well with
the numerical solution Dhnumericals ¼ 182:91C obtained by Code_Aster. The results computed in this simple
example are presented in Table 1 for the reader’s convenience.
5.2. Shakedown limit of a thick-walled cylinder subjected to internal pressure and variable temperature
We consider a long thick-walled cylinder of inner and outer radii a and b as shown in Fig. 3a. The two ends
of the cylinder are closed. The cylinder is subjected to a constant pressure p applied on the inner wall and to a
variable temperature ﬁeld h(r, t) varying across the thickness of the cylinder as:hðr; tÞ ¼ hðtÞ lnðb=rÞ
lnðb=aÞ with h0 6
hðtÞ 6 h: ð53Þ1
own limit of a straight bar
tress Analytic solution Numerical solution Note
nt 228.72 C 228.72 C Formula (47)
function of temperature 208.89 C 208.81 C Formula (47)
ear function of temperature 182.98 C 182.91 C Formula (52)
b  
a 
p  
),( tr  
s  
θ
θ
a b
Fig. 3. (a) Thick-walled cylinder and (b) FEM mesh.
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maximum temperature change of the inner wall of the cylinder5.2.1. Analytic solution for yield stress as linear function of temperature
If the temperature dependence of yield stress is of the type (46) and if von Mises yield criterion is used,
according to Gokhfeld and Cherniavsky (1980), the alternating limit of the cylinder can be computed using
the following formula:halternatings ¼
2rRð1 mÞ
Ec
 1 m
2
m2
 ð1þ dm
2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4m4  3p2
p
 km2ð1 m2Þ
2ð1þ dm2Þ2  0:5k2ð1 m2Þ2 ; ð54Þwhere m ¼ ab, d ¼ 1m
2
2m2 lnm and k ¼ 2ArRð1mÞEc . The formula (54) is found using a so-called static method and gives
only a lower bound of the exact alternating limit of the cylinder. If one argues that the constant pressure p has
no inﬂuence on the alternating limit of the cylinder, then this formula can be further simpliﬁed:halternatings ¼
2rRð1 mÞ
Ec
 ð1 m2Þ  2ð1þ dm
2Þ  kð1 m2Þ
2ð1þ dm2Þ2  0:5k2ð1 m2Þ2 : ð55ÞThis formula will be used here to compute the analytic solution of our problem.
It is diﬃcult to ﬁnd the exact incremental limit of the cylinder using von Mises yield criterion. If Tresca
yield criterion is considered, then according to Ko¨nig (1987), the incremental limit of the cylinder can be com-
puted using the following equation:p þ hincrementals
Eca2
2ð1 mÞðb2  a2Þ
b2  a2
a2 ln ba
ln
b
r0
 b
2
r20
þ 1
" #
þ ArRðln
b
r0
Þ2
2 ln ba
( )
¼ p0; ð56Þwhere the radius r0 is computed using the equation: 2b
2
r20
þ b
2  a2
a2 ln ba
þ 2ArRð1 mÞðb
2  a2Þ ln br0
Eca2 ln ba
¼ 0 ð57Þand p0 is the collapse limit of the cylinder if it is subjected to pressure p alone: p0 ¼ rR ln ba. Note that in Ko¨nig
(1987) the formulas above are derived for variable pressure and variable temperature. However, when the
pressure is constant, if one follows the argument in Ko¨nig (1987), then the ﬁnal result will be exactly (56)
and (57). The question is now how to ﬁnd a solution or at least an approximation of the solution using
von Mises yield criterion. A similar question has been addressed by Yan (1997). Based on his work, we pro-
pose here an approximated solution of the problem just by replacing the value p0 ¼ rR ln ba, which is obtained
using the Tresca yield criterion, by the value p0 ¼ 2ﬃﬃ3p rR ln ba, which is obtained using the von Mises yield cri-
terion. The proposed approximated solution can therefore be calculated from the equation:
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Eca2
2ð1 mÞðb2  a2Þ
b2  a2
a2 ln ba
ln
b
r0
 b
2
r20
þ 1
" #
þ ArRðln
b
r0
Þ2
2 ln ba
( )
¼ 2ﬃﬃﬃ
3
p rR ln ba : ð58Þ5.2.2. Analytic solution for yield stress as a nonlinear function of temperature
Always suppose that A and B have positive values. By using similar arguments as in example 5.1 the ana-
lytic solution of this problem is the solution of the following systems:rR 1 Aðhalternatings  h0Þ  Bðhalternatings  h0Þ2
h i
¼ rR½1 Asðhalternatings  h0Þ;
halternatings ¼ 2rRð1mÞEc  ð1 m2Þ  2ð1þdm
2Þkð1m2Þ
2ð1þdm2Þ20:5k2ð1m2Þ2 ;
k ¼ 2AsrRð1mÞEc ;
8>><
>>:
ð59Þfor alternating limit, andrR 1 Aðhincrementals  h0Þ  Bðhincrementals  h0Þ2
h i
¼ rR½1 Asðhincrementals  h0Þ;
p þ hincrementals Eca
2
2ð1mÞðb2a2Þ
b2a2
a2 lnba
ln br0  b
2
r2
0
þ 1
h i
þ AsrRðln
b
r0
Þ2
2 lnba
 
¼ 2ﬃﬃ
3
p rR ln ba ;
 2b2
r2
0
þ b2a2
a2 lnba
þ 2AsrRð1mÞðb
2a2Þ ln br0
Eca2 lnba
¼ 0;
8>>>><
>>>:
ð60Þfor incremental limit.
It is noted that while the solutions of (59) can be obtained directly, the solution of (60) can only be com-
puted using an iterative procedure due to its complexity.
5.2.3. Numerical solution and comparison
The cylinder is modeled in Code_Aster by axisymmetric elements with one layer of elements in the axial
direction and 10 elements in the radial direction (Fig. 3b). The same material properties as in example 5.1
are used and solutions are given for three cases: independent yield stress, linear yield stress and nonlinear yield
stress with the same coeﬃcients A and B as in example 5.1.
The numerical results obtained by Code_Aster are presented in Fig. 4 for the case b/a = 0.8 and in Fig. 5 for
three cases b/a = 0.4, 0.8, 0.95 together with the analytic solution calculated from (59) and (60). It is observed
that numerical solutions agree very well with analytic ones.
5.3. Shakedown limit of a thin cylinder subjected to variable internal pressure and variable or constant
temperature
In this example we consider a thin cylinder subjected to two diﬀerent loading programs:0
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Fig. 4. Shakedown of thick-walled cylinder with diﬀerent types of yield stress (b/a = 0.8).
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Fig. 5. Shakedown of thick-walled cylinder with nonlinear temperature-dependent yield stress and diﬀerent thicknesses.
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across the thickness of the cylinder is assumed to be linear. For the sake of simplicity, let us assume that the
temperature at the external side of the cylinder is zero.
• Loading program L2: variable internal pressure and constant temperature. The distribution of temperature
across the thickness of the cylinder is assumed to be linear. The temperature he at the external wall of the
cylinder is computed by:he ¼ hi  11
k ln
b
a
	 
  ðhi  hmÞ
1
k ln
b
a
	 
þ 1bb ; ð61Þ
where k is the thermal conductivity k = 229 W/m C, b is the heat transfer coeﬃcient b = 10 W/m2 C, hi is the
temperature at the inner wall of the cylinder and hm is the environmental temperature.
The two ends of the cylinder are open so that axial force is zero. The length of the cylinder is L = 350.0 mm,
its internal radius a = 23.15 mm and its external radius b = 24.15 mm. Other material properties are the same
as those used in examples 5.1 and 5.2.
Numerical solutions are given by the present method implemented in Code_Aster for both loading pro-
grams and by the basis reduction method implemented in Permas, INTES (2000) for loading program L2.
For details about the basis reduction method readers are referred to Heitzer and Staat (2003).
The cylinder is modeled in Code_Aster by axisymmetric elements with 100 layers of elements in the axial
direction and 10 elements in the radial direction. One part of the mesh is presented in Fig. 6.
For the loading program L1, if the internal pressure is removed, the shakedown limit of the cylinder can be
approximated by solving the system (59). This is due to the fact that if the thickness of the cylinder is small, the
temperature distribution (53) can be considered as linear. Evidently alternating plasticity happens in this case
and from (59) we have the shakedown limit: halternatings ¼ 218:23C. The numerical result obtained by Code_A-
ster agrees well with this value (Fig. 7). Also for this loading program, when internal pressure is the only load
the present solution is nearly the same as what was obtained by the basis reduction method or by the exper-
imental tests of Leers (1985).
For the loading program L2, the present solution is higher than the solution given by the basis reduction
method and lower than experimental tests of Leers (1985).
The results presented in Fig. 7 show that the experimental tests fall in the area where the two loading pro-
grams seem to give very close shakedown limits. It would be more interesting to have more experimental testsFig. 6. Thin cylinder: Part of the FEM mesh.
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Fig. 7. Shakedown of thin cylinder with nonlinear temperature-dependent yield stress.
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detect.
6. Conclusion
Based on the static and kinematic theorems of shakedown for materials with temperature-dependent yield
stress, a linearized static theorem is established. The use of this theorem permits the derivation of its dual
form: the linearized kinematic theorem. These linearized theorems are valid for all piecewise-linear yield stress
functions. Thanks to these theorems, diﬀerent bounds of the shakedown load factor are formulated. By using
these bounds, the exact shakedown load factor, which is very diﬃcult to obtain if the yield stress is a convex
function of temperature, can be estimated. Formulations and algorithms based on these bounds are promising
because they permit the use of convex programming tools. In order to check the validity of the numerical
results, some analytic solutions are proposed. Numerical examples show that the obtained solutions agree well
with analytic solutions and experimental tests.
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